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Abstract 

We present the exact solution to the non linear Monge differen- 
tial equation X(x,t)X x (x,t) = Xt(x,t). It is widely accepted that the 
Monge equation is equivalent to the ODE X= of free motion for 
particular conditions. Furthermore, the Monge Type equations are 
connected with X = F(X, X; t), which can be integrated with quadra- 
tures [1]. Other asymptotic solutions are discussed, see e.g. [2]. 

The solution was reached with calculations that depend upon di- 
mensional representation, which is given by (cc, t) coordinates. We 
present this analytical solution to the Monge differential equation as 
an implicit solution. 

1 Introduction 

The Monge equation has been cited in several textbooks for approximately 
150 years so far [2], [3], and [1]. Despite its wide number of analytical appli- 
cations (e.g. Monge-Ampere, which is in a more general form than Monge 
equation itself), it has only been solved to fulfill particular mathematical 
conditions. The Monge equation currently exists in the following form: 

A ( M )^M = or X(x,t)X x (x,t) = X t (x,t) (1) 
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Examples of particular solutions to this equation for particular mathematical 
scenarions are exemplified as follows. [2] first reported that the particular 
solution to the Monge nonlinear differential equation (1) can be given as: 

X(x,t)=G(x + X(x,t)t),[2] (2) 

Leznov et al. [1], demonstrated later on that the free motion Monge-type 
equations are intrinsically related to X = F(X, X; t) when ODE X— 0. Such 
function can be integrated through quadratures, which allows the Monge 
differential equation's solution to be presented as: 

x - \(x,t)t = f(X(x,t)) (3) 

Two further examples of trivial solutions to the Monge equation are as fol- 
lows: 

x + tX(x,t) = and X(x,t) = (4) 

Finally, Fairlie et. al found another solution to this equation in 1993 [3]. 
This particular solution can be considered to be the extant most-general 
solution. Nevertheless, it is not completely accurate, and thus the need for 
more general, accurate forms to the Monge equation. 

A(M) = ^f (5) 

This solution can be reached upon using an arbitrary differentiable initial 
value F in terms of a Laplace or Fourier expansion as published in [3]: 

F(x) = c + Cl e ax + c 2 e 2ax + c 3 e 3ax + ■■■, where F(0) = c . (6) 

X(x, t) remains to be largely unknown despite of its wide number of citations. 
We find a precise X(x,t) function through the thorough use of 

basic differential geometry procedures. The order of a differential equa- 
tion is given by the maximum number of times the supposed unknown func- 
tion has been derived. 

The Monge differential equation applications are exemplified in the 
Witham book, in waves theory, and while obtaining the Bateman differ- 
ential equation. Fairlie et. al., solved the non linear differential equation of 
the Monge Equation for special cases of their physical applications, mainly 
in the field of hydrodynamic problems. He also generalized the equation into 
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a system of equations, which he called the Universal Field Equations [3] , [4] , 
[5], [6], [7]. The dispersive deformations of the Monge Equation are stud- 
ied using ideas originating from topological quantum field theory and the 
deformation quantization programme, [8], etc 



2 Statement of results 



We begin by standardizing notation and terminology. All results presented 
on this paper are exact in the sense that integration constants depend only 
upon the initial conditions. Such dependence will usually be pointed out. 
The function X(x, t) is the unknown function and only depends upon x and 

f; 

X(x, t) — sin ip(x, t) (7) 
Now substituting (7) into (1), the following equation is obtained; 

(p t (x,t) 



<f x (x, t) sin (p(x, t) — ip t (x,t) or sm<p(x,t) 



(8) 



<p x (x,t) 

Considering Figure 1, (8) is derived with respect to t, to obtain the following: 



(p t (x, t) cos ip(x, t) 
Consequently, we have: 

cos ip(x, t) = 



dt 



(p t (x,t) 



<p x (x,t)\ t 

<Px( x > t)^tt(x, t) - (p tx (x, t)ip t (x, t) 



(9) 



(10) 



-<p t (x,t)<pl(x,t) 
See figure2. 

Now, taking figure 2 into account and comparing it against Figure 1, the 
following equations can be deduced: 



(11) 



<p x {x,t) = -<p 2 x {x,t)<p t {x,t) 
(p x (x,t) +1 (x,t)tp t (x,t) = =5> 
(p x (x, t) [1 + <p x (x, t)(p t (x, t)] = 

Must be complete <p x (x,t) ^ then (p x (x,t)ip t (x,t) = —1 because if 
(p x (x,t) = 0, then <f(x,t) = f(t), which will not satisfy the Monge equa- 
tion (1), 
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yjip%(x,t) - $(x,t) = <p x (x, t)<p tt (x, t) - (p tx (x, t)(p t (x, t) (12) 

and 



¥>t(z, t) = \l (vlfa t)(p t (x, t)) 2 - {(pjx, t)ip tt (x, t) - ip tx (x, t)ip t (x, t)) 2 (13) 
Now substituting (12) into (13), and solving for ip t (x,t): 

vifa t)<f$(x, t) = tpl(x, t) =>> ip x {x, t)(p t (x, t) = =pl (14) 
One of the solutions does not exist: 

(PxfatfVtfat) = + 1 ( 15 ) 

Because ip = tp(x, t) is a fuction dependant on x and t, anticonmutative 
properties with respect to the derivative of x and t can be deduced: 

Q dip(x,t) Q dip(x,t) 

= or <pjx t t) = -<p tx (x, t) (16) 

which can be proven, as shown in Appendix. If X(x,t) = sinip(x,t), then 



— , — | A(x, i) = | -, — | \{x, t) = -2X(x, t) (17) 

The correct solution can then be presented as: 

ip x (x,t)<p t (x,t) = -1 (18) 
Which complies with equation (11) to deduce the following: 

=-£<b (19) 

When ip xt (x,t) = ip tx (x,t), the commutative properties remain unchanged. 
Now substituting (19) into (8): 



ip t (x, t) = i^Jsin ip(x, t) and <f x (x, t) = = (20) 

J sin (p(x : t) 
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By deriving each (20) equation with respect to x and t, respectively, 

VrfCM) = = and <p tx (x,t) = ^ = 

— z cosy ^'^ 3 (/? t (a;, are obtained. If both equations are brought up together 
by equaling them to one another, ip xt (x,t) = (p tx (x,t) = i c ° SLp ( x '^ ^ (x,t) = 

v' sin <p(x,t) 

—i coslfi( - x '^ -s (p t (x,t), (f x (x,t) = f^ x ( '\ is deduced, which would pretty much 

(sin</?(a;,t))2 sin<^x, j 

be Eq.(8)., 

Eq. (20) exactly represents two direct, first order differential equations 
that are directly integrable: 

<p(x, t) =ij l yj sin <p(x, V) dt' + g(x) 

<p(x,t) = -ij* 7 JS— + f( t ) or W 

V sm< c( x '*) 

Because both Eq. (21) solutions are related ( i.e. through the equation 
(p x (x,t)(p t (x,t) = — 1) by the first derived function with respect to x and t, 
respectively, this means the solution to the Monge equation must be unique. 
(21) solution can be seen as follows: 



t + g(x) = . = -2>/2iF (a(x, t), ^ ) where 

/ ,\ l 2 sin u>(x,t) ■ I 2X(x,t) ^ > 

a (x, t = arcsm W -r—. — , ,[) , = arcsm ' L - Lj - 

V ' / \; l+smtnlx.t l+cos wlx.t) 

or 



l+ S m<p(x,t)+co8<p(x,t) y l+A(a;,t)+ v /l-A 2 ( :E ,i) 



a; + /(*) = j^'^ iyjsmp'( y x,t)d(p'( y x,t) = -2^2iE (cn(x, t), ^) + V^iF (cn(x,t),^) where 
ai(x, t) = arcsin sin |(| — £))^ = arcsin (^v^sin |(| — arcsin X(x, t))^ 

(23) 

see e.g. [9], where both solutions given by equations (22) and (23) are equiv- 
alent in X(x,t). g(x) and f(t) depend only on the initial conditions, and 
cannot be zero or constant, because X(x, t)\ x (x, t) = X t (x,t) must be satis- 
fied. Solutions (22) and (23) are implicit to X(x, t)X x (x, t) = X t (x,t). Finally, 
F(/3, a) and E(/3, a) are the Elliptic integrals of the first and second kind, 
respectively. 
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2.1 

appendix 

In order to prove ip xt (x,t) = —ip tx (x,t), using the relation ip x (x,t)ip t (x,t) = 
1, ip x (x,t) = if x (x,t)ip t (x,t) must be fullfilled. Equation (10) must be modi- 
fied as it is indicated: 



-<p t (x,t)<p*(x,t) ip t (x,t)p x (x,t) 

(24) 

see figure 3. Now taking into account Figure 3 and Figurel, we obtain: 
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yjipl(x,t) - $(x,t) = tp tx (x, t)<p t (x, t) - (p x (x, t)ip tt (x, t) (25) 
from ip x (x,t)ip t (x,t) = +1 and Eq. (8), it is found that: 



VxOMMOM) = 1 then (p t (x,t) = yjshiip(x,t)a.nd (p x (x,t) 



\Jsin ip(x, t) 
(26) 

Now substituting (26) into (25): 



yj(f%(x,t)-tf(x,t) = sin ip(x^t) = 



1— sin 2 <p(x,t) 
sin f>(x,i) 



cos 2 <p(x,t) _ cos <p(x,t) n()w 
sin ip(x,t) y/sm<fi(x,t) 



= 7 s ^ is complete (25), where 

y/ Bill <p(x,t) 

<p tt (x,t) = co r {x ' t] <p t (x,t) = c -^j^ and 

g 1 

m (r,, + \ — 9lf x (x,t) _ Vsiny^.t) _ 

Vtx\ x -< l ) — at ~ at ~ 

co SV (x,t) , t , = _ cos <P(*,t) 

2(sm<p(x,t))i^ ty ' ' 2 sin „>(*,*) 

(27) 

From figure 3 and figure 1, we found: 



¥>t(z> *) = V (^(^ t)(p t (x, t)) 2 - (<p x (x, t)ip tt (x, t) - ip tx (x, t)<p t (x, t)) 2 (28) 
Now substituting (26) into (28) and using the results of (27): 

ItOM) = yfsm<p(x,t) = yj (p 2 x (x, i)<p t (x, t)) 2 - {y x {x, t)<p tt {x, t) - <p xt (x, t)<p t (x, t))' 



smifi[x,t) cos^- tp(x,t) / i— cos^ <ptx,t) ■ / i\ ■ 1 , 

. t, L : — 7 '/ = \ — : — 7V ' = Wsin iplx, t) is complete 

sin^ tp(x,t) sm(p(x,t) y sm<p(x,t) V r v ' 

(29) 

Now we found <p xt (x, t) and proved that <f xt (x, t) = —ip tx (x, t) is as follows: 
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,„ ( T f\ - 9<p t (x,t) _ dy/sm<p(x,t) _ cosy>(x,f) / ,x _ 

<PxtW,T)- gx - Qx - 2 ^~ {Xtt) W,t) - 

cos ip(x,t) l cos(p(x,i) Y)\xt 

2^ sin tp(x, t) y'sin <p(x,t) 2sin<p(x,t) (30) 

^taO,« = - 2™ni(xl) COntaillen 111 ( 27 ) tllen 

Pxt&t) = -Ptx&t) is proved 

Now we prove that the second mixed partial derivative of X(x,t) is not 
independent from the order of differentiation for this case (i.e. that X xt (x, t) + 
X tw (x,t) = —2X(x,t)). From (7), we have 



X(x,t) = sm(p(x,t) then X x (x, t) = <p x cos <p{x, t) and X t (x,t) = (p t cosip(x,t) next 
X x t(x, t) = —ip x ip t sin ip(x, t) + (p xt cos <p(x, t) and X tx (x, t) = —(p t <p x sin (p(x, t) + ip tx cos tp(x, t) 
taking the sum of X xt (x,t) and X tx (x,t) it is obtained 
A xt (a; J t) + X tx (x, t) = -<p x <p t sin tp(x, t) - (p t <p x sin (p(x, t) 
where we used tp tx = — (p xt and we know that (p x (p t = ip x (pt = 1 then 

X x t{x, t) + X tx (x,t) = — 2 sin (p(x,t) now we using (7), finally X xt (x,t) + X tx (x,t) = —2X(x,t) 

(31) 

This is the reason why equation (15), is not a solution to the Monge Equation 
(!)• 

.1 figures 




Figure 1: Figure 1 
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Figure 2: Figure 2 




